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Goal: Harvest subset of parcels

to maximize revenue; pay cost
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Opportunity

Automatically tailor algorithms

to a family of instances
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Warm-up: Learning in Gradient Descent

Source: Ke Li, http://bair.berkeley.edu/blog/2017/09/12/learning-to-optimize-with-rl
Li, Ke, and Jitendra Malik. "Learning to optimize." arXiv:1606.01885, 2016 and ICLR, 2017

Follow the

gradient
Gradient

Descent

I’'m
oscillating...
what do | do?

(8
f
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Learned
Optimizer

Aha! I've seen
this before...
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Warm-up: Learning in Gradient Descent

Source: Ke Li, http://bair.berkeley.edu/blog/2017/09/12/learning-to-optimize-with-rl
Li, Ke, and Jitendra Malik. "Learning to optimize." arXiv:1606.01885, 2016 and ICLR, 2017

Follow the
gradient

Algorithm 1 General structure of optimization algorithms

Gradient

Descent Require: Objective function f

£(®) « random point in the domain of f
for: =1,2,...do

I'm
oscillating...
what do | do?

if stopping condition 1s met then
return z(:~ 1)

end if |
Learned 2 — 207D 4+ Ag ]
Optimizer end for

Aha! I've seen
this before...
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max 9.5x1+2.1x9
-1+ Ty <2
Br1+ 2x9 <17
x1, o > 0
r1, Ty integer

Ly

Figure 1.2: A 2-variable integer program

From Integer Programming, 2014.
12
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Branch & Bound for Integer Optimization

Land & Doig, 1960

|
- P-based minclx st Ax < b,x € (p)"
Repeat: [0,1]
Solve LP Relaxation
Select Node — | ower Bound on OPT
Solve LP Relaxation /

worse than best solution?

3

Add Cuts
Run Heuristics
Branch
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- LP—baSGd minc’x s.t. Ax < b,x € {0,1}" -and & Doig, 1960

X

Repeat:

Add Cuts:
Select Node Tightening Constraints

Solve LP Relaxation

4 Add Cuts
Run Heuristics
Branch
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Branch & Bound for Integer Optimization
- LP—based minc’x s.t. Ax < b,x € {0,1}" -and & Doig, 1960

X

Repeat:

Heuristic A
Select Node Heuristic B
Heuristic C \

Solve LP Relaxation

Feasible solution?

Update Best Solution
Add Cuts

5 Run Heuristics
Branch
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Branch & Bound for Integer Optimization
- LP—baSGd minc’x s.t. Ax < b,x € {0,1}" -and & Doig, 1960
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Repeat:

1 Select Node
Solve LP Relaxation *2=0 x; =1
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Branch & Bound for Integer Optimization
~<| P-based minc’xs.t Ax < b.x € (0.1} -and & Doig, 1960

X

Repeat:
Select Node
Solve LP Relaxation

x, =0 x, =1

X4=1

Add Cuts
Run Heuristics

X4=O

Branch ‘ ‘
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Empirical algorithmics

How do we evaluate and compare algorithms?

162 Chapter4 Empirical Analysis of SLS Algorithms

P(solve)
P(solve)

0.01 0.1 1 10 100 1 000 0 0.5 1 1.5 2 2.5

run-time [CPU sec] relative solution quality [%]

Figure 4.2 Left: Qualified RTDs for the bivariate RTD from Figure 4.1. Right: SQDs for
the same RTD .
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Towards Tailored Algorithms

IBM Knowledge Center

Managing sets of parameters Here are links to parameters controlling MIP strategies.

Parameter names
algorithm for initial MIP relaxation

Correspondence of parameters
between APIs
Benders strategy

Saving parameter settings to a file

in the C API _
MIP subproblem algorithm

- Topical list of parameters

Barrier MIP variable selection strategy

Benders algorithm

Distributed MIP

MIP strategy best bound interval

_ MIP MIP branching direction
i il backtracking tolerance
........... MIP strategies
MIP cuts MIP dive strategy
CPLEX Documentat 13
MIP tolerances MIP heuristic effort

MTE limitc



Towards Tailored Algorithms

_...MIP variable selection strategy Value Symbol Meanlng
-1 CPX VARSEL MININFEAS Branch on variable with minimum infeasibility
0 CPX VARSEL DEFAULT Automatic: let CPLEX choose variable to branch on;
default
1 CPX VARSEL MAXINFEAS Branch on variable with maximum infeasibility
2 CPX VARSEL PSEUDO Branch based on pseudo costs
3 CPX_VARSEL_STRONG Strong branching
4 CPX VARSEL PSEUDOREDUCED Branch based on pseudo reduced costs
MIP heuristic frequency Value Meaning

-1 None

0 Automatic: let CPLEX choose; default

Any positive integer Apply the periodic heuristic at this frequency

CPLEX Documentat 3

16



Towards Tailored Algorithms

Parameter domains
& starting values

. Configuration scenario
Calls with & Problem
Conf; different - instances
onfieurator aroet e
S parameter g Solves
: algorithm
settings

Returns solution cost

Fig. 1. A configuration procedure (short: configurator) executes the target algorithm with specified
parameter settings on one or more problem instances, observes algorithm performance, and uses
this information to decide which subsequent target algorithm runs to perform. A configuration
scenario includes the target algorithm to be configured and a collection of instances.

Hutter, Frank, Holger H. Hoos, and Kevin Leyton-Brown. "Automated configuration of mixed integer programming solvers." CPAIOR, 2010.

3
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Towards Tailored Algorithms

See IJCAI-20 Tutorial: https://www.automl.orqg/tutorial ac ijcai20/

Automated Algorithm Configuration

 ParamlILS [Hutter et al., JAIR 2009], SMAC [Hutter et
al., LION 2011]

» Key ldea: search over parameter configurations
» Stochastic Local Search or Bayesian Optimization

* Great for algorithms with many parameters

o 2-52x speedups for CPLEX on some problem
distributions [Hutter et al., CPAIOR 2010]

Limitations

Parameter domains

& starting values

: Configuration scenario .
Calls with & Problem

different instances

Confieurator Target —
& parameter g Solves
. algorithm
settings

Returns solution cost

Fig. 1. A configuration procedure (short: configurator) executes the target algorithm with specified
parameter settings on one or more problem instances, observes algorithm performance, and uses
this information to decide which subsequent target algorithm runs to perform. A configuration
scenario includes the target algorithm to be configured and a collection of instances.

 Operates at the instance-level, not the algorithm iteration-level
 Assumes human-designhed parameter space is rich enough

18



Learning in Exact Solvers

- S O &6 W N

Algorithm: LP-based Branch-and-Bound

Input: a MIP min{c"x | Ax < b,x e R",x; € ZVj € I}

Output: an optimal solution x*,z* = ¢’ x*

Initialize: Queue of sub-problems (nodes) L := {Ny}, Best value z* := oo, Best
solution x* = ()

Terminate? If £ = 0, return x*

Select Node [what selection rule?|: Choose a node N; to process from L

Evaluate & Prune: Solve the LP relaxation of N; and prune node if applicable.

Add Cuts |which cuts to add?|: new constraints that tighten the formulation.

Run Heuristics [which heuristics to run?]: try to find a better solution.

Select Branching Variable [what selection rule?]: Choose a variable that has fractional
value in the LP solution of N;. Create two new subproblems N;; and N;>. Go to line 2.




Learning in Exact Solvers

Algorithm: LP-based Branch-and-Bound

Input: a MIP min{c’x | Ax < b,x e R",x; € ZVj € I}
Output: an optimal solution x*,z* = ¢’ x*
1 Initialize: Queue of sub-problems (nodes) £ := { Ny}, Best value z* := oo, Best
solution x* = ()
Terminate? If £ = (), return x*
Select Node [what selection rule?]: Choose a node N; to process from L

Evaluate & Prune: Solve the LP relaxation of N; and prune node if applicable.
Add Cuts [which cuts to add?|: new constraints that tighten the formulation.

Run Heuristics [which heuristics to run?]: try to find a better solution.
Select Branching Variable [what selection rule?]: Choose a variable that has fractional

value in the LP solution of N;. Create two new subproblems N;; and N;>. Go to line 2.

- S O &6 W N

Task Issue Current Approach

Select Branching Variable what selection rule? single hand-designed ranking metric

Add Cuts which cuts to add? hand-designed ranking formula

Run Heuristics which heuristics to run? run each every k nodes (fixed parameter k)
Select Node what selection rule? best-first

20



The Branching Problem

A key step of Branch-and-Bound

X1=O

Ideally, select variables that lead to small
sub-tree <> many infeasible nodes

®

Strong Branching (SB) achieves that,
but Is extremely costly

X4=O

Xq —

21

X4=1
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Greedy Graph Optimization

Minimum Vertex Cover
Find smallest vertex subset such that each edge is covered

2-Approximation:
Greedily add vertices of edge
with max degree sum

22



Greedy Graph Optimization

Minimum Vertex Cover
Find smallest vertex subset such that each edge is covered

Learning Greedy Graph Heuristics
[Dai*, Khalil*, Zhang, Dilkina, Song, 2017]

Given: graph problem, family of

grapns
Learn: a scoring function to
guide a greedy algorithm

22



Learning Greedy Heuristics

Given: graph problem, family of graphs

Learn: a scoring function to guide a greedy algorithm

Problem Minimum Vertex Cover Maximum Cut Traveling Salesman Problem
Domain Social network snapshots  Spin glass models Package delivery
Greedy operation | Insert nodes into cover Insert nodes into subset Insert nodes into sub-tour

N A S —
\./.25%5 o o

23



Reinforcement Learning

Greedy Algorithm Reinforcement Learning

State
Q-function

Partial solution
Scoring function

Select best node Greedy Policy

Repeat until all edges are covered:
1. Compute node scores

2. Select best node w.r.t. score
3. Add best node to partial sol.

24



Combinatorial v
Optimization & Reasoning with
Graph Neural Networks

Step 2

L b b

3 O)——(2—3

fﬁflg (f(”U4) f:‘gfé ({{f(vg) (v5)}})) . EEE
Y T e
b T

Figure 3: Illustration of the neighborhood aggregation step of a GNN around node 2
I

Figure from our full-length survey at: https://arxiv.org/abs/2102.C



https://arxiv.org/abs/2102.09544

GNN for Comb. Opt.

> |nvariant to node permutations

Combinatorial
Optimization & Reasoning _ .
G raph N eu ral Netwo rks —> applies to graphs of arbitrary size

> Expressive local/global features are
learned through non-linear layers

Step Step 2

L, L b b

T
=) O)—)—@)
A (f(v4),fgg§r({{f£v2)7f(v5)}})) . EEm
i -SSR
LI IO

Figure 3: Illustration of the neighborhood aggregation step of a GNN around node 7
I

> Model parameters (W, W,) are shared

25 Figure from our full-length survey at: https://arxiv.org/abs/2102.C



https://arxiv.org/abs/2102.09544

Graphs from Integer Programs

... or Constraint Programs, or SAT formulas, etc.
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Graphs from Integer Programs

... or Constraint Programs, or SAT formulas, etc.
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Training dataset of TSP instances

GNN “fit” to training instances
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